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We study the problem of one-dimensional (1D) Luttinger liquids in the insulating Mott-Hubbard
phase in the presence of acoustic phonons in the semiclassical limit. We show that solitonic excita-
tions can propagate freely in the system and the energy required to produce a soliton is reduced by
a polaronic effect. We find a critical value of the electron-phonon coupling constant for which this
energy vanishes.
PACS numbers:71.10-Pm,71.38.-k
It is well-known that phonons can have a major im-
pact in the phase diagram of 1D interacting electron sys-
tems, driving these systems from charge density waves
(CDW) to superconductors due to retardation effects [1].
In fact, the problem of phonons in 1D has been stud-
ied to a great level of detail in the phase where the linear
electronic charge density is incommensurate with the lat-
tice leading to renormalizations of the various Luttinger
liquid parameters and therefore to no dramatic effect in
the charge propagation [2]. In this note we study the
problem of the effect of acoustic phonons in the com-
mensurate phase of Luttinger liquids when the 1D system
has an instability to the opening of a gap (Mott gap) in
the charge spectrum and therefore to insulating behav-
ior. In the absence of phonons it can be shown that the
lowest energy excitation is associated with the creation
of a soliton (or anti-soliton) which can propagate freely
in the system. This excitation, however, requires a fi-
nite amount of energy ∆0 which is directly related to the
Mott gap. As it is well-known the origin of the soliton
is associated with the Umklapp scattering of electrons in
the presence of the lattice [3]. In a bosonized descrip-
tion of this process one can show that the bosonic charge
fields (associated with electronic charge excitations) are
described by a sine-Gordon theory which has as semi-
classical solutions traveling kinks and anti-kinks. Much
less is known about effects of phonons on the soliton
propagation in the insulating phase. We show that while
the electron-phonon coupling allows for coherent soliton
propagation in the Mott phase it can also lead to strong
non-perturbative renormalization effects. We show here
by a non-perturbative semiclassical calculation that the
soliton excitation energy is reduced in the presence of
acoustic phonons and that there is a critical value of the
electron-phonon coupling for which the ∆, the gap for
the soliton creation in the presence of phonons, vanishes.
Physically, the electron-electron coupling is suppressed
by a polaronic effect.
The basic electronic Hamiltonian we consider can be
written in a very general form:
Hel = −t
∑
i,σ,α
c+i,σci+1,σ +
∑
i,σ,σ′
Vσ,σ′(i, j)ni,σ nj,σ′ , (1)
where ci,σ (c
†
i,σ) is the annihilation (creation) electron
operator at lattice site i, with spin projection σ =↑, ↓
and ni,σ = c
†
i,σci,σ is the electron number operator.
Here t is the kinetic energy and Vσ,σ′ (i, j) is the inter-
action energy between electrons on different sites. In
what follows we assume short range interactions only. If,
for instance, we keep only the on-site Coulomb repul-
sion V↑,↓(i, i) = U and the nearest neighbor Coulomb
term Vσ,σ′(i, i + 1) = V this Hamiltonian describes the
extended Hubbard Model. The many-body techniques
we will apply here are actually valid for a very generic
class of Hamiltonians [4]. As described elsewhere, [5] the
fermionic degrees of freedom can be written in terms of
bosonic charge, Φρ (x), and spin,, Φσ (x), fields. The
bosonic version of the fermionic Hamiltonian (1) reads:
Hel = Hρ +Hσ +
2g1
(2pia)2
∫
dx cos
[√
8Φσ (x)
]
+
2g3
(2pia)2
∫
dx cos
[√
8Φρ (x) + 4kFx
]
, (2)
where
Hv =
1
2
∫
dx
[
(uvKv)pi
2Π2v (x) +
uv
Kv
(∂xΦv (x))
2
]
, (3)
where v = ρ, c refers to the free bosonic Hamiltonian (Πv
is the momentum field operator, that is, [Πv(x),Φu(y)] =
iδ(x − y)δu,v) for charge and spin, respectively, with
Luttinger liquid parameters Kv, velocities uv, and cou-
pling constants g1 and g3 that are directly related to
the backscattering and Umklapp processes, respectively.
Here kF = pin/2 is the Fermi momentum where n is the
linear density of electrons. All these parameters can be
written in terms of the bare parameters of the original
Hamiltonian (1). In this representation the electronic
charge density can be written as:
ρ (x) = −
√
2
pi
∂xΦρ (x) . (4)
1
Observe that in (3) the charge and spin degrees of free-
dom do not interact with each other. This is a generic
property of 1D quantum fluids (spin-charge separation).
Many important results can be understood from the per-
turbative renormalization group (RG) studies of (2). In
the presence of attractive electron-electron interactions
the backscattering term, g1, is a relevant perturbation
which leads to the opening of a gap in the spin spec-
trum which is associated with the dominance of super-
conducting fluctuations. In this case the charge excita-
tions are gapless. In the presence of repulsive interactions
backscattering is irrelevant and the Umklapp term, g3, is
the most important one. When the electronic density,
n, is commensurate with the lattice (that is, n = 1/a,
where a is the lattice spacing) the 4kFx term in (2) can
be dropped and the Umklapp term becomes a relevant
perturbation which leads to the opening of a gap in the
charge spectrum. In this case the spin spectrum remains
gapless. When n is incommensurate with the lattice both
g1 and g3 are irrelevant and spin and charge both have
gapless spectra.
Let us now consider the effect of an acoustic phonon
field, φ(x), described by the Hamiltonian:
Hph =
1
2
∫
dx
[
P 2 (x) /ρs + c
2
sρs (∂xφ (x))
2
]
, (5)
where P (x) is the phonon momentum operator canon-
ically conjugated to φ(x), ([P (x), φ(y)] = iδ(x − y)),
ρs = M/a is the lattice mass density and cs is the speed
of sound. As is well-known, [6] acoustic phonons couple
to electrons via a deformation potential term which can
be written as:
Hel−ph = −γ pi√
2
∫
dxρ (x) ∂xφ (x)
= γ
∫
dx∂xΦρ (x) ∂xφ (x) , (6)
where we have used (4). Here γ is the electron-phonon
coupling constant. Naively a perturbative RG analysis
of (6) would indicate that the coupling is irrelevant since
it has two derivatives. In fact, as we are going to show
the electron-phonon coupling does not affect the soliton
propagation (and therefore it is irrelevant from this per-
spective) but we are also going to show that the soliton
energies are strongly renormalized by the polaronic effect
generated by this operator and can even vanish in the
strong coupling regime. Thus, the irrelevancy of the op-
erator in the weak couplig regime does not imply that this
operator is not important in the strong coupling limit.
Notice that the spin part of the Hamiltonian (3) does
not couple to the phonons we consider and can be
dropped. We focus now entirely on the charge degrees
of freedom. When a charge is injected into the the Mott
insulator it creates a soliton excitation which can be de-
scribed in terms of the equation of motion for the bosonic
fields. Indeed, consider the equations of motion which are
obtained from the Hamiltonian in the Heisenberg repre-
sentation. It is very easy to show that the fields obey the
following equations:
1
uρpiKρ
∂2Φρ
∂t2
=
uρ
piKρ
∂2Φρ
∂x2
+
√
2g3
(pia)
2 sin
(√
8Φρ
)
+ γ
∂2φ
∂x2
ρs
∂2φ
∂t2
= c2sρs
∂2φ
∂x2
+ γ
∂2Φρ
∂x2
. (7)
We now take advantage of the Lorentz invariance of these
equations and make a change of variables λ = x ± υt
where υ is the soliton velocity, in order to write:
(
υ2
uρpiKρ
− uρ
piKρ
)
∂2Φρ
∂λ2
=
√
2g3
(pia)2
sin
(√
8Φρ
)
+ γ
∂2φ
∂λ2
ρs
(
υ2 − c2s
) ∂2φ
∂λ2
= γ
∂2Φρ
∂λ2
. (8)
Combining both equations and replacing Φρ with Φ =√
8Φρ , the equation of motion for the charge field is
given by:
µ
∂2Φ
∂λ2
+ sinΦ = 0 , (9)
which is a sine-Gordon equation with
µ =
(pia)2
4g3
[
γ2
ρs (c2s − υ2)
−
(
u2ρ − υ2
)
uρpiKρ
]
. (10)
As is well-known this equation has single soliton solu-
tions:
Φρ(x, t) = ±
√
2 tan−1
(
e
1√
|µ|
(x±υt)
)
, for µ > 0
= ±
√
2 tan−1
(
e
1√
|µ|
(x±υt)
)
+ pi, for µ < 0. (11)
Moreover, from (8), we find that the lattice deformation
also propagates coherently and has a profile given by
φ(x, t) = ±
√
2γ
ρs (υ2 − c2s)
tan−1
(
e
1√
|µ|
(x±υt)
)
. (12)
These equations show that coherent charge propaga-
tion is possible in the form of a soliton (or kink dressed
with a correlated lattice deformation). The minimum
energy required to create such an excitation can be ob-
tained by substituting the above solutions for the boson
and phonon field directly into the Hamiltonian. After
straightforward algebra we find that the energy required
for soliton creation is given by:
∆ =
2
pia
√∣∣∣∣g3
(
uρ
piKρ
− γ
2
ρsc2s
)∣∣∣∣,
2
which is reduced from its bare value ∆0 =
2
pia
√
g3uρ/(piKρ) by an amount which depends on the
electron-phonon coupling constant. So far this calcula-
tion is semiclassical in nature since it does not consider
quantum corrections which will discussed elsewhere [7].
This result predicts, however, that ∆ vanish when γ at-
tains a critical value
γc = cs
√
uρρs
piKρ
. (13)
We thus predict that in systems with strong electron-
phonon coupling the energy required to create a soliton
vanishes due to the polaronic effect described here. Note
that in the absence of the Umklapp term arising from the
discrete lattice the effects described here are not possible.
This effect might explain the recently observed long
range charge transport in DNA (which we claim is a Mott
insulator [8]) where injected charge carriers travel long
distances along the DNA double helix [9].
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